Microscale fluid dynamics has received intensive interest due to the emergence of microelectro-mechanical systems (MEMS) 
Introduction
Fluid flow in microchannels has emerged as an important research area. This has been motivated by their various applications such as medical and biomedical uses, computer chips, and chemical separations. The advent of micro-electro-mechanical systems ͑MEMS͒ has opened up a new research area where noncontinuum behavior is important. MEMS are one of the major advances of industrial technologies in the past decades. Micron-size mechanical and biochemical devices are becoming more prevalent both in commercial applications and in scientific research.
Microchannels are the fundamental parts of microfluidic systems. Understanding the flow characteristics of microchannel flows is very important in determining pressure distribution, heat transfer, and transport properties of the flow. Microchannels can be defined as channels whose characteristic dimensions are from 1 m to 1 mm. Generally, above 1 mm the flow exhibits a behavior that is the same as continuum flow. The noncircular cross sections such as rectangular, trapezoidal, double-trapezoidal, triangular, and hexagonal, are common channel shapes that may be produced by microfabrication. These cross sections have wide practical applications in MEMS ͓1-3͔.
The Knudsen number ͑Kn͒ relates the molecular mean free path of gas to a characteristic dimension of the duct. Knudsen number is very small for continuum flows. However, for microscale gas flows where the gas mean free path becomes comparable with the characteristic dimension of the duct, the Knudsen number may be greater than 10 −3 . Microchannels with characteristic lengths on the order of 100 m would produce flows inside the slip regime as a typical mean free path of gas is approximately 70 nm at standard conditions. The slip flow regime to be studied here is classified as 0.001Ͻ KnϽ 0.1.
Literature Review
Rarefaction effects must be considered in gases in which the molecular mean free path is comparable to the channel's characteristic dimension. The continuum assumption is no longer valid and the gas exhibits noncontinuum effects such as velocity slip and temperature jump at the channel walls. Traditional examples of noncontinuum gas flows in channels include low-density applications such as high-altitude aircraft or vacuum technology. The recent development of microscale fluid systems has motivated great interest in this field of study. There is strong evidence to support the use of Navier-Stokes and energy equations to model the slip flow problem, while the boundary conditions are modified by including velocity slip and temperature jump at the channel walls ͓2,4-10͔.
The small length scales commonly encountered in microfluidic devices suggest that rarefaction effects are important. For example, experiments conducted by Pfahler and co-workers ͓11,12͔, Harley et al. ͓13͔, Choi et al. ͓14͔, 7͔, Wu et al. ͓15͔, and Araki et al. ͓10͔ on the transport of gases in microchannels confirm that continuum analyses are unable to predict flow properties in microsized devices.
Arkilic and co-workers ͓6,7͔ investigated helium flow through microchannels. The results showed that the pressure drop was less than the continuum flow results. The friction coefficient was only about 40% of the theoretical values. The significant reduction in the friction coefficient may be due to the slip flow regime, as according to the flow regime classification by Schaaf and Chambre ͓16͔, the flows studied by Arkilic and co-workers ͓6,7͔ are mostly within the slip flow regime, only bordering the transition regime near the outlet. When using the Navier-Stokes equations with slip flow boundary conditions, the model was able to predict the flow accurately.
Araki et al. ͓10͔ investigated frictional characteristics of nitrogen and helium flows through three different trapezoidal microchannels whose hydraulic diameter is from 3 m to 10 m. The measured friction factor was smaller than that predicted by the conventional theory. They concluded that this deviation was caused by the rarefaction effects.
Liu et al. ͓9͔ also proved that the solution to the Navier-Stokes equation combined with slip flow boundary conditions show good agreement with the experimental data in microchannel flow.
Maurer et al. ͓17͔ conducted experiments for helium and nitrogen flows in 1.14 m deep, 200 m wide shallow microchannels. Flow rate and pressure drop measurements in the slip and early transition regimes were performed for averaged Knudsen numbers extending up to 0.8 for helium and 0.6 for nitrogen. The authors also provided estimates for second-order effects and found the upper limit of slip flow regime as the averaged Knudsen number equals 0.3Ϯ 0.1.
Colin and Aubert ͓18͔ studied slip flow in rectangular microchannels using the second-order boundary conditions proposed by Deissler ͓19͔. In a later study, Colin et al. ͓20͔ presented experimental results for nitrogen and helium flows in a series of silicon rectangular microchannels. The authors proposed that the secondorder slip flow model is valid for Knudsen numbers up to about 0.25.
A variety of researchers attempted to develop second-order slip models that can be used in the transition regime. However, there are large variations in the second-order slip coefficient ͓2͔. The lack of a universally accepted second-order slip coefficient is a major problem in extending Navier-Stokes equations into the transition regime ͓21͔.
Jeong et al. ͓22͔ studied gaseous slip flow in rectangular microchannels by the lattice Boltzmann equation method. The effects of the aspect ratio of the channel and the outlet Knudsen number on pressure nonlinearity, slip velocity, and mass flow rate were investigated. Their results agree well with parallel plate microchannel limiting cases.
Barber and Emerson ͓23͔ conducted an investigation of gaseous slip flow at the entrance of circular and parallel plate microchannels using a two-dimensional Navier-Stokes solver. They indicated that the Knudsen number have a significant effect on the hydrodynamic entrance length to parallel plates. The hydrodynamic entrance length for parallel plates could be approximately 25% longer than the corresponding continuum solution.
For developing continuum flow ͑Kn→ 0͒, some tabulated data or models exist for some geometries in advanced texts such as Shah and London ͓24͔. However, for developing slip flow, only parallel plates and circular ducts are considered in the literature due to the slip boundary conditions, which make this particular hydrodynamically developing flow problem, even more complicated. A survey of the available literature indicates a shortage of information for three-dimensional entrance flows in the slip regime, such as short noncircular microchannels where the entrance region plays a very important role. There currently is no published model or tabulated data for friction factor and Reynolds number product that can be utilized by the research community. The entrance region in a microchannel is particularly of interest due to the presence of comparatively large pressure drop and heat transfer. Given that the convective heat transfer behavior in the developing region differs from that in the fully developed region, and given that many microchannel heat exchangers are short, this effect of entrance region is significant. The f app Re could be significantly higher than the fully developed value of f Re. The present work is more general and the common continuum flow formulation is only a special case ͑Kn→ 0͒ of the present proposed formulation.
Theoretical Analysis
One of the most fundamental problems in fluid dynamics is that of fully developed laminar flow in circular and noncircular channels under constant pressure gradient. Upon obtaining the velocity distribution u͑x , y͒ and mean velocity ū, the friction factor Reynolds number parameter may be defined using the simple expression denoted in some texts as the Poiseuille number
A P dp dz
The above grouping Po is interpreted as the dimensionless average wall shear. The mean wall shear stress may also be related to the pressure gradient by means of the force balance = −A / Pdp / dz. When a viscous fluid enters a duct with the uniform velocity distribution at the entrance, boundary layers develop along the walls and the velocity is gradually redistributed due to the viscosity. Eventually the fluid will reach a location where the velocity is independent of the axial direction, and under such conditions the flow is termed the hydrodynamically fully developed. The hydrodynamic entrance length is defined as the duct length required to achieve a maximum velocity of 99% of that for fully developed flow. Following Sparrow et al. ͓25͔, slip flow in the entrance of circular and parallel plate microchannels is first considered by solving a linearized momentum equation, respectively. The assumptions of the present analysis can be summarized as: steadystate laminar flow, constant fluid properties, negligible body forces such as gravity, and electromagnetic. In this analysis the compressibility effects can be neglected for short microchannels.
Later, we will demonstrate that the boundary layer behavior in the tube entry is substantially identical with that on a flat plate. 
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ͪ ͑3͒
It is assumed that dp / dx is independent of r, which involves idealization and has been generally applied in entrance region theoretical analyses. By using the continuity equation ͑2͒, Eq. ͑3͒ can be rewritten as
Integrating Eq. ͑4͒ with respect to r from r = 0 to R and using the boundary conditions v͑0͒ = v͑R͒ = 0, there we obtain − 1 dp dx
͑5͒
Eliminating dp / dx from Eqs. ͑3͒ and ͑5͒, adding ū͑‫ץ‬u / ‫ץ‬x͒ to both sides and rearranging
The cross-sectional average of the terms on the right side of Eq. ͑6͒ is zero. This follows by integrating Eq. ͑6͒ across the section and employing that ‫ץ‬ / ‫ץ‬x͑͐ 0 R rudr͒ is zero from the continuity equation. Hence, the right side is equated to zero as a linearizing approximation. The equation to be solved becomes 011201-2 / Vol. 132, JANUARY 2010
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From the above analysis we obtain Targ's linearization results ͓24,26͔.
The velocity distribution must satisfy the slip boundary condition at the walls. The local slip velocity is proportional to the local velocity gradient normal to the wall. The appropriate boundary conditions are
where denotes tangential momentum accommodation coefficient, which is usually between 0.87 and 1 ͓5͔. The most usual conditions correspond to Ϸ 1; therefore, may be assumed have a value of unity. The same procedure is valid even if 1, defining a modified Knudsen number as Kn ‫ء‬ =Kn͑2−͒ / . The Knudsen number is defined as Kn= / D h and is the molecular mean free path.
We can write a solution of the form
where V͑ , ͒ is the deviation from the fully developed flow velocity distribution. It is obvious that V approaches zero for large . Substituting Eq. ͑13͒ into Eq. ͑8͒, we find that U fd ͑͒ satisfies the equation
and V͑ , ͒ satisfies the equation
A solution of Eq. ͑14͒ may be obtained using Eqs. ͑9͒ and ͑10͒ and the continuity condition ͐ 0
can be solved using the separation of variables method. Thus,
Substituting Eq. ͑17͒ into Eq. ͑15͒, we obtain
where ␣ i are the eigenvalues. We find that a particular solution of Eq. ͑19͒ is
The homogeneous equation is Bessel's equation of zero order and the solution is
In terms of Eq. ͑10͒, B i = 0, and thus the solution of Eq. ͑19͒ is
Therefore, the solution for G i ͑͒ is obtained
According to boundary condition Eq. ͑9͒, we find the eigenvalue ␣ i satisfies the following equation:
In addition, the coefficients A i can be chosen so as to normalize the G i in terms of the Sturm-Liouville orthogonality conditions, that is, ͐ 0
Thus, the G i form a complete orthonormal set. Applying the entrance condition, Eq. ͑11͒
Using the orthonormality properties of G i , the coefficient C i can be determined
Substituting Eq. ͑24͒ into Eq. ͑27͒, we obtain
Therefore,
Finally, the complete velocity solution is Figure 1 shows the effect of on the development of the velocity for Kn ‫ء‬ = 0.01. The development of the velocity distribution can be clearly portrayed by a sequence of velocity profiles at various axial positions along the pipe, as shown in Fig. 1 . Near the immediate neighborhood of the entrance, the velocity is nearly flat over the entire section and drops off only near the wall. The velocity gradients are substantially smaller than in a continuum flow. With increasing distance from the entrance, the region of uniform velocity becomes smaller and the slip velocity also diminishes with the diminishing velocity gradients at the wall. The final velocity profile is a flatter parabola than the well-known Poiseuille parabola in the continuum flow. The profiles suggest the presence of an inviscid core flow, which is gradually deteriorated by the boundary layers developing along the walls of the channel. Figure  2 illustrates the role of the Reynolds number and Knudsen number on the hydrodynamic entrance length. The dimensionless hydrodynamic entrance length is a function of Reynolds number and Knudsen number. The hydrodynamic entrance length is useful when designing a microfluidic device to account for the entrance effects or choosing an appropriate location for the upstream boundary of an accurate numerical model. The values of the dimensionless entrance development length L + corresponding to the point where U͑0,͒ = 0.99U fd ͑0͒. They are fitted a simple correlation where we use the first term of Chen's development length formula ͓29͔ in order to take into account the effect of creeping flow ͑Re→ 0͒. Sreekanth ͓31͔ calculated the entrance lengths of his experiments and found that they agree with values predicted by the expression L + = C / 4, where C has a value between 0.15 and 0.2 depending on the Kn. Therefore, Sreekanth's experiments ͓31͔ approximately agree with Eq. ͑31͒.
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The pressure drop between the entrance and any station downstream can be found by integrating the momentum equation. Equation ͑5͒ can be written as
Under fully developed conditions, the inertia terms in Eq. ͑35͒ disappear. Therefore,
is integrated between 0 and , giving Transactions of the ASME
͑37͒
It is convenient to report the pressure drop in a developing flow as equal to that for a fully developed flow plus a correction term K͑͒ representing additional pressure drop, which exceeds the fully developed pressure drop. Thus,
Integrating Eq. ͑35͒ between 0 and , we can obtain the following expression:
Thus,
From an inspection of Eq. ͑40͒, it is found that K͑0͒ is zero and K͑ϱ͒ is given by
which is the fully developed value of incremental pressure drop factor. Substituting Eq. ͑40͒ into Eq. ͑38͒, the apparent friction factor Reynolds product for circular tubes can be obtained
Effect of Kn on f app Re for developing laminar flow is illustrated in Fig. 3 . It is seen that the effect of increasing Kn is to decrease apparent friction factor. The eigenvalues ␣ i are given in Table 1 . The eigenvalues possess the characteristic that ␣ i+1 − ␣ i → as i becomes large. It is found that twenty eigenvalues are sufficient accurate for all values of of interest. The negative exponentials cause rapid convergence, especially if is not too small. As an illustration, for practical application = 0.01, only three terms are required. Thirty eigenvalues should be used when is very small ͑ = 0.0001͒.
Parallel
Plates. Next, we consider the flow in hydrodynamic entrance region under slip conditions between parallel plate microchannels. The microchannel height is 2h and there is symmetry about y = 0. The equations of continuity and momentum in Cartesian coordinates are ‫ץ‬u ‫ץ‬x
͑44͒
It is assumed that dp / dx is independent of y, which involves idealization. Using continuity Eq. ͑43͒, we can rewrite Eq. ͑44͒ as ‫ץ‬u 2 ‫ץ‬x + ‫͑ץ‬uv͒ ‫ץ‬y = − 1 dp dx
͑45͒
Integrating Eq. ͑45͒, with respect to y from y = 0 to h and using the boundary conditions v͑0͒ = v͑h͒ = 0, there we obtain 
Eliminating dp / dx from Eqs. ͑44͒ and ͑46͒, adding ū͑‫ץ‬u / ‫ץ‬x͒ to both sides and rearranging
The cross-sectional average of the terms on the right side of Eq. ͑47͒ is zero. This follows by integrating Eq. ͑47͒ across the section and employing that ‫ץ‬ / ‫ץ‬x͑͐ 0 h udy͒ is zero from the continuity equation. Hence, the right side is equated to zero as a linearizing approximation. The equation thus to be solved becomes
Also, from the above analysis we obtain Targ's linearization results ͓24,26͔. Introducing the dimensionless variables = ͑x / D h ͒ / ͑ūD h / ͒, = y / h, and U = u / ū, Eq. ͑48͒ becomes
͑49͒
The appropriate boundary conditions are
Substituting Eq. ͑54͒ into Eq. ͑49͒, we find that U fd ͑͒ satisfies the equation
A solution of Eq. ͑55͒ may be obtained using Eqs. ͑50͒ and ͑51͒ and the continuity condition ͐ 0 1 U fd ͑͒d =1 ͓27͔ Substituting Eq. ͑58͒ into Eq. ͑56͒, we obtain
where ␣ i are the eigenvalues. We find that a particular solution of Eq. ͑60͒ is
͑61͒
The solution of the homogeneous equation is
In terms of Eq. ͑51͒, B i = 0, and thus the solution of Eq. ͑60͒ is
According to boundary condition Eq. ͑50͒, we find the eigenvalue ␣ i satisfies the following equation:
Also, the coefficient A i can be chosen in order to normalize the G i in terms of the orthogonality conditions, that is
͑67͒
Applying the entrance condition, Eq. ͑52͒
Using the orthonormality properties of G i , the coefficients C i can be determined
Substituting Eq. ͑65͒ into Eq. ͑68͒, we obtain Figure 4 shows the effect of on the development of the velocity for Kn ‫ء‬ = 0.005. The development of the flow is illustrated by a sequence of velocity profiles, as shown in Fig. 4 . As with the circular tube, it is seen that the profiles in the immediate neighborhood of the entrance have a distinct flat portion in the region away from the channel wall. This may be interpreted as corresponding to an inviscid core flow. Due to continuity, retardation near the wall must cause the core flow to increase. With increasing distance from the entrance, the action of viscosity at the walls or boundary layers developing along the walls tends to deteriorate the core, and the flat potion contracts. Figure 5 
͑77͒
Under fully developed conditions, the inertia terms in Eq. ͑77͒ disappear. Therefore, Integrating Eq. ͑77͒ between 0 and , we can obtain the following expression:
From an inspection of Eq. ͑82͒, it is found that K͑0͒ is zero and K͑ϱ͒ is given by
͑83͒
Substituting Eq. ͑82͒ into Eq. ͑80͒, the apparent friction factor Reynolds product for parallel plates can be obtained
Effect of Kn on f app Re for developing laminar flow is illustrated in Fig. 7 . It is seen that the effect of increasing Kn is to decrease apparent friction factor. The eigenvalues are determined from Eq. ͑66͒. It is found that twenty eigenvalues are sufficient accurate for all values of of interest. The negative exponentials cause rapid convergence, especially when is not too small. As an illustration, for practical application = 0.01, only two terms are required. When is very small ͑ = 0.0001͒, 20 eigenvalues should be employed. Shapiro et al. ͓32͔, Shah and London ͓24͔, and Muzychka and Yovanovich ͓33͔ showed that Eq. ͑85͒ may be used to compute the friction factor for the short duct of most noncircular ducts ͑ Յ 0.001͒ for continuum flow ͑Kn→ 0͒. All numerical results obtained from Eq. ͑42͒ or Eq. ͑84͒ almost reduce to their continuum limit Eq. ͑85͒ in the limit Kn→ 0. The maximum difference is less than 3.9%
For slip flow, Fig. 8 also demonstrates that very near the inlet of circular and parallel plate ducts ͑ Յ 0.001͒, f app Re is nearly equivalent and independent of duct shape. This is a further proof of the reliability of the proposed solutions. At the entrance of the duct, the velocity boundary layer starts developing at each wall under the imposed flow acceleration. As long as the thickness of the boundary layer is small compared with the duct dimensions, the boundary layers from different walls do not affect each other appreciably. This explains the reason why very near the inlet of ducts, f app Re is nearly equivalent and independent of duct shape. Therefore, Eq. ͑42͒ or Eq. ͑84͒ may be used to compute the friction factor for the very short duct of noncircular shape. As the boundary layer develops further downstream ͑ Ͼ 0.001͒, the effects of geometry become more pronounced and the solutions for ‫ء‬ between circular tubes and parallel plates circular tubes and parallel plates Eq. ͑42͒ or Eq. ͑84͒ are no longer valid for noncircular ducts.
Furthermore, the asymptotic limit of f app Re for → 0 can be obtained by substituting velocity slip boundary condition into Eq. ͑1͒
͑86͒
After we cancel the common factors 2 and D h we can write for the mean wall shear the following fundamental relationship: = ū 2 − which is a fundamental relation for slip flow at the entrance. The foregoing relation can be obtained directly in a simple manner by application of scaling analysis to the slip boundary condition and Newton's law of viscosity. Yu and Ameel ͓34͔ gave the similar asymptotic limit of Nusselt number for slip flow heat transfer at the entrance of a conduit. The universal entrance Nusselt number expression is independent of the cross-sectional geometry and valid for any conduit geometry. This is consistent with the conclusions of the present hydrodynamic study.
Slip flow in the entrance region of rectangular microchannels was investigated numerically by Renksizbulut et al. ͓35͔ . Figure 9 demonstrates the comparison between Eq. ͑42͒ and the numerical data by Renksizbulut et al. ͓35͔ for different Knudsen numbers. The numerical data from Shah and London ͓24͔ for continuum flow are included in this figure. When = 10 −5 and Kn ‫ء‬ = 0.1, 0.05, and 0.01, f app Re= 19.9, 39.5, and 185.6, respectively, for the present analysis. Therefore, present analytical results agree very well with the asymptotic limiting values, whereas the results of Renksizbulut et al. ͓35͔ are in poor agreement with the asymptotic limiting values. This indicates that the linearization method is an accurate approximation for slip flow. It is found that the numerical data by Renksizbulut et al. ͓35͔ for square microchannels overpredict the values of f app Re.
General Model.
For circular tubes, the choice of the length scale in the definition of Reynolds number is obvious. However, for noncircular ducts, the question always arises of what to use as the correct length scale. Although it is customary to use the hydraulic diameter, this choice is widely believed to be incorrect. Muzychka and Yovanovich ͓33͔ showed that the square root of cross-sectional area is more appropriate than the hydraulic diameter for nondimensionalizing the laminar continuum flow data. Duan and Muzychka ͓36͔ demonstrated that the same conclusion can be extended to the slip flow regime. Figures 10 and 11 ͓37͔ show that the square root of cross-sectional area is a more effective characteristic length scale than the hydraulic diameter for nondimensionalizing the fully developed laminar flow data. The data for some noncircular ducts reported as f Re D h are plotted versus the effective aspect ratio in Fig. 10 . Some data increase with increasing values of while other values decrease with increasing values of . The next step in the comparisons is to convert all data from f Re D h to f Reͱ A and replot versus the effective aspect ratio. When this is done, as shown in Fig. 11 , all data follow closely a similar trend where the values decrease with increasing values of . It was found that the use of the hydraulic diameter in laminar flow situations yields greater scatter in results as compared with the use of ͱ A as a characteristic length scale. When ͱ A is used, the effect of the duct shape become minimized, and all of the laminar flow data can be predicted using a simple model based on the solution for the rectangular duct. That means dimensionless average wall shear stress can be made a weak function of duct shape.
If the friction factor Reynolds product for circular tubes is recast using ͱ A as a characteristic length scale in f Reͱ A , the following relationship is obtained: 
For short duct asymptote ͑ Ͻ 0.001͒, we only consider the second term of right hand side of Eq. ͑87͒
is nearly independent of the duct shape and may be used to calculate the friction factor Reynolds product for the short asymptote of most noncircular ducts for slip flow. The friction factor Reynolds product f Re for slip flow in long noncircular microchannels has been proposed by the authors ͓36͔ as follows: 
ͪͬ ͑89͒
The definition of aspect ratio proposed by Muzychka and Yovanovich ͓33͔ and Duan and Yovanovich ͓37͔ is summarized in Table 2 for a number of geometries. The aspect ratio for regular polygons is unity. The aspect ratio for most singly connected ducts is taken as the ratio of the maximum width to maximum length such that 0 ϽϽ1. For the trapezoid duct, double-trapezoid duct, triangle duct, rhombic duct, and the doubly connected duct, simple expressions have been derived to relate the characteristic dimensions of the duct to a width to length ratio. A general model is now proposed using the Churchill and Usagi ͓38͔ asymptotic correlation method. The model takes the form
where n is a superposition parameter determined by comparison with numerical, analytical, and experimental data over the full range of . Using the results provided by Eqs. ͑88͒ and ͑89͒, and the general expression, Eq. ͑90͒, the following model is proposed: 
Using the available analytical data for circular tubes and parallel plates, and the available data in the literature ͓39-43͔ for continuum flow, it is found that the value n, which minimizes the root mean square difference, lies in the range 1.0Ͻ n Ͻ 1.2 with a convenient value n Ϸ 1 for most common noncircular microchannels.
When the geometric characteristic aspect ratio P / 4 ͱ A is close to 2 or greater, n = 1.1 or 1.2 will yield a better approximation. Figure 12 demonstrates the comparison between the proposed model Eq. ͑91͒ and the available data in the literature for continuum flow. It is found that the difference between the model and available data is less than 9.6%. Therefore, experimental, analytical, and numerical results for continuum flow do support the validity of the present model. It is found that Eq. ͑91͒ characterizes the developing slip flow in noncircular microchannels. The maximum deviation of exact values is approximately less than 10%. The proposed model correctly approaches the → 0 and → ϱ asymptotes. The friction factor Reynolds product may be predicted from Eq. ͑91͒, provided an appropriate definition of the aspect ratio is chosen.
Results and Discussion
Conclusion
This paper investigated slip flow and continuum flow in noncircular microchannels. A model was developed for predicting the friction factor Reynolds product in noncircular microchannels for developing slip flow and continuum flow. The present model took advantage of the selection of a more appropriate characteristic length scale square root of flow area to develop a simple model. As for developing slip flow, no solutions or graphical and tabulated data exist for most geometries, this developed model may be used to predict friction factor and pressure drop of developing slip flow in noncircular microchannels such as rectangular, annular, elliptical, trapezoidal, double-trapezoidal, triangular, rhombic, hexagonal, octagonal, and circular segment microducts. The developed model approaches the slip flow asymptote for developing and fully developed flows. The accuracy of the developed model was approximately within 10%. The developed model is simple and founded on theory, and it may be used by the research com- munity for the practical engineering design of microchannels. The developed analytical model is useful for a number of reasons. These include: ͑1͒ introduction of interesting and unique solution techniques, ͑2͒ an indication of the effect of various independent parameters, ͑3͒ an indication of trends expected from related numerical data and future experiments, and ͑4͒ very easy to utilize by the research community. It may be pointed out that the linearization schemes do not take into account the effect of the transverse flow rigorously, although they predict fairly well the friction factor Reynolds number product. Quarmby ͓45͔ showed that the transverse velocity is very much reduced in the entrance region as the Knudsen number increases. Since the present linear solutions do not take into account the effect of the transverse flow rigorously, they will clearly be more correct for slip flow where transverse velocity is less significant. Therefore, the present linearization method is an accurate approximation for slip flow.
The paper deals with issues of hydrodynamic flow development, which are not well understood in other geometries. It is found that slip flow is less sensitive to analytical linearized approximations than continuum flow and the linearization method is a quite accurate approximation for slip flow. Also, it is found that the entrance friction factor Reynolds product is of finite value and dependent on the Kn and tangential momentum accommodation coefficient but independent of the cross-sectional geometry. This paper also examined the effects of the Knudsen number on the hydrodynamic entrance length for circular tubes and parallel plates.
